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ON PROFINITE GROUPS WITH ENGEL-LIKE 
CONDITIONS 


RAIMUNDO BASTOS AND PAVEL SHUMYATSKY 

Abstract. Let G be a profinite group in which for every element 
X € G there exists a natural number q = q{x) such that x‘^ is Engel. 
We show that G is locally virtually nilpotent. Eurther, let p be a 
prime and G a finitely generated profinite group in which for every 
7 fe-value x G G there exists a natural p-power q = q{x) such that 
x'^ is Engel. We show that ^k(G) is locally virtually nilpotent. 


1. Introduction 

The positive solution of the Restricted Burnside Problem urns] 
had led to many remarkable results on prohnite groups. In particular, 
using Wilson’s reduction theorem m, Zelmanov has been able to prove 
local hniteness of prohnite periodic groups [16]. Recall that a group is 
periodic if all of its elements have hnite order. The group G is said to 
have a certain property locally if any hnitely generated subgroup of 
G possesses that property. Another result that was deduced following 
the solution of the Restricted Burnside Problem is that any prohnite 
Engel group is locally nilpotent [T2] . For elements x,y oi G we dehne 
[x, ly] = [x, y] and [x, i+iy] = [[x, iy],y] for i > 1. The group G is called 
an Engel group if for all x,y E G there is an integer n = n{x, y) such 
that [x, ny] = 1- An element y E G is called Engel if for any x E G there 
is an integer n = n(x) such that [x, „?/] = 1; and y is called n-Engel if 
for any x E G we have [x, „?/] = 1. 

In the present article we consider prohnite groups in which a power 
of any element is Engel. Our result can be viewed as a common gener¬ 
alization of both of the above results. 

Theorem 1.1. Let G be a profinite group in which for every element 
X E G there exists a natural number q = g(x) such that x'^ is Engel. 
Then G is locally virtually nilpotent. 
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We recall that a profinite group possesses a certain property virtually 
if it has an open subgroup with that property. 

Given an integer A; > 1, the word 7 ^ = 'jkixi,... ,Xk) is dehned 
inductively by the formulae 

7 i = xi, and 7 ^ = [ 7 fc-i, Xk] = [xi,..., Xk] for k>2. 

The subgroup of a group G generated by all values of the word jk is 
denoted by 7/0 (G). Of course, this is the familiar fc-th term of the lower 
central series of G. When G is a prohnite group, ■jkiG) denotes the 
closed subgroup generated by all values of the word 7 fc. It was shown 
in [S] that if G is a hnitely generated prohnite group in which all 7 ^,- 
values are Engel, then 7 fc(G) is locally nilpotent. In the present paper 
we establish the following related result. 

Theorem 1.2. Let p be a prime and G a finitely generated profinite 
group in which for every '^k-value x G G there exists a natural p-power 
q = q{x) such that x^ is Engel. Then 'jk{G) is locally virtually nilpotent. 

We do not know whether the hypothesis that G is hnitely generated 
is really necessary in Theorem 11.21 The proof that we present here 
uses this assumption in a very essential way. Another natural question 
arising in the context of Theorem 11.21 is whether the theorem remains 
valid with q allowed to be an arbitrary natural number rather than p- 
power. This is related to the conjecture that if G is a hnitely generated 
prohnite group in which every 7 ^-value has hnite order, then 7 a:(G) is 
locally hnite (cf. [S]). Using the results obtained in |B] one can easily 
show that if G is a hnitely generated prohnite group in which every 
7 fc-value has hnite p-power order, then indeed 7 fc(G) is locally hnite. 
This explains why Theorem 11.21 is proved only in the case where g is a 
p-power. 


2. Preliminary results 

As usual, if TT is a set of primes, we denote by vr' the set of all primes 
that do not belong to vr. For a prohnite group G we denote by vr(G) the 
set of prime divisors of the orders of elements of G (understood as su¬ 
pernatural, or Steinitz, numbers). If a prohnite group G has vr(G) = vr, 
then we say that G is a pro-vr group. The maximal normal pro- 7 r sub¬ 
group of G is denoted by 0.n-(G). Recall that Sylow theorems hold for 
p-Sylow subgroups of a prohnite group (see, for example, [131 Gh. 2]). 
When dealing with prohnite groups we consider only continuous homo- 
morphisms and quotients by closed normal subgroups. If X is a subset 
of a prohnite group G, the symbol {X) stands for the closed subgroup 
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generated by X. The symbol (X^) stands for the normal closed sub¬ 
group generated by X. Throughout the paper a prohnite pronilpotent 
group is just called pronilpotent. Of course, a pronilpotent group is a 
Cartesian product of its Sylow subgroups. 

Lemma 2.1. Let p be a prime and G a pro-p' group admitting an auto¬ 
morphism a of finite p-power order. Then ([x, a]^) = ([x, ko]'^) for any 
positive integer k and any x E G. 

Proof. Fix k and x E G. Set M = {[x,a]^) and N = {[x,ka]^)- It is 
obvious that M contains N and so we only need to show that M < N. 
We can pass to the quotient G /N and without loss of generality assume 
that [x, fco] = 1. Thus, we need to show that [x, a] = 1. Assume that 
[x, a] 7 ^ 1 and let j be the minimal integer such that [x,ja] = 1. Set 
y = [a;,j_ 2 a] with the assumption that y = x ii j = 2. Thus, we 
have [i/, a] 7 ^ 1 but [i/, a, a] = 1. Since [y, a] is a nontrivial p'-element 
commuting with a, the order of [y, a\a~^ cannot be a p-power. On the 
other hand, it is clear that [p, a]a~^ = is a conjugate of a~^ and so 
the order of [y, a\a~^ must be a p-power. This is a contradiction. □ 

Lemma 2.2. Let G he a pronilpotent group and assume that h and c 
are elements of coprime orders in G. Set a = be. Then a is an n-Engel 
element if and only if so are both b and c. The element a is Engel if 
and only if both b and c are Engel. 

Proof. Assume that a is n-Engel. Choose a Sylow p-subgroup P of G. 
It is clear that if p does not divide the order of b, then [P,b] = 1. 
Assume that p is a divisor of the order of b. In this case p is coprime 
with the order of c and so [P, c] = 1. Therefore [P,b] = [P,a\ and 
[P, nb] = [P, no] = 1. This happens for every choice of a Sylow subgroup 
P of G. Since G is pronilpotent, it follows that [G,n&] = 1. By a 
symmetric argument, [G, nc] = 1- Thus, if a is n-Engel, then so are 
both b and c. 

Now assume that both b and c are n-Engel. Let tti be the set of 
primes dividing the order of b and 712 the set of primes dividing the 
order of c. Given x E G write x = X1X2X3, where xi is a TTi-element, X2 
is a 7r2-element and X3 whose order is not divisible by primes in tti U7r2. 
Since G is pronilpotent, the elements xi,X2, x^ are uniquely determined 
by X. We have 

[x,na\ = [xi,nb] = [X2,nc\ = 1. 

Thus, a is n-Engel. 

Further, using only obvious modiheations of the above argument one 
can show that a is Engel if and only if both b and c are Engel. □ 
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Lemma 2.3. Let p be a prime and G a pro-p group generated by a set 
X. Suppose that G can be generated by m elements. Then there exist 
elements Xi,..., Xm G X such that G = {xi,..., Xm) ■ 

Proof. A simple inverse limit argument shows that without loss of gen¬ 
erality we can assume that G is a hnite p-group. Now existence of the 
elements xi,... ,Xm, G X is immediate from Bursnide Basis Theorem 

[3 5.3.2]. □ 

Lemma 2.4. Let m, n be positive integers and G an m-generated pronilpo- 
tent group. Suppose that G can be generated by n-Engel elements. Then 
G can be generated by m elements each of which is n-Engel. 

Proof. Since G is pronilpotent, G is the direct product Pi x P 2 x ..., 
where the Pi are Sylow subgroups of G. Let X be a set of n-Engel 
elements such that G is generated by X. For every element x G X 
write X = X 1 X 2 ■ ■ ■, where Xi is the projection of x on Pj. Set Xj = 
{xi I X G X}. Thus, Xi is the set of all Xi where x ranges over the set 
X. By Lemma [2.21 each set X* consists of n-Engel elements. It is clear 
that Pi is generated by the set Xj. Since each Sylow subgroup Pi can 
be generated by at most m elements, Lemma 1?^ implies that Pj can be 
generated by at most m elements from Xj. In each set Xj choose m (not 
necessarily distinct) elements Xji,..., Xj^ such that Pj = (xji,..., Xim)- 
For every j = 1,... ,m we let yj be the product of Xij, where i ranges 
through the positive integers. By Lemma 12.21 the elements pj are n- 
Engel. It is clear that G = {yi,..., pm) and so the lemma follows. 

□ 

Lemma 2.5. Let a be an Engel element of a pronilpotent group G. Then 
there exist a positive integer n and a finite set of primes tt such that 

[0^/(G), „a] = 1. 

Proof. For each positive integer i we set 

Xj = {5GG; [6,ja] = 1}. 

The sets Xi are closed in G and cover G. Therefore, by Baire’s cate¬ 
gory theorem [21 p. 200], at least one of these sets contains non-empty 
interior. Hence, there exist a positive integer n, an open subgroup H 
and b E G such that [bh, „a] = 1 for every h E H. Let m be the index 
of H in G, and let tt be the set of primes dividing m. Let J be the 
product of the Sylow subgroups of G corresponding to primes in vr and 
K = Ot,i{H) = Ot,i{G). So G = J X K and hence without loss of gen¬ 
erality we can assume that b E J. Note that, 1 = [6x, ^a] = [6, no\[x, no\ 
for every x E K. Therefore [x, „a] = 1 for any x E K. The result 
follows. □ 
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Lemma 2.6. Let p be a prime and k a positive integer. Assume that 
G is a profinite group such that G = Op/{G)P, where P is a p-Sylow 
subgroup. Suppose that Opi{G) = {gi,...,gs) and P = {hi,...,ht). 
Then [Op'{G),P] is generated by conjugates of commutators [pi, khj] 
for 1 < i < s and 1 < j < t. 

Proof. Let D be the normal closure of all commutators [gi, khj], where 
1 < z < s and 1 < j < t. By Lemma [2. II this is the same as the normal 
closure of all commutators hj\. It is clear that D < [OpfG), P] and 
so we can pass to the quotient G/D and assume that D = 1. In this 
case we have G = {gi, ■ ■ ■ ,gs) x {hi,... ,ht) and so [Opi{G), P] < D. 
The lemma follows. □ 

Lemma 2.7. Let G be a profinite group and k,n positive integers with 
{n,p) = 1 for each p G 7r(G). Let X be the set of all '')k-values in G and 
Y the set of n-th powers of ■jk-values. Then X = Y. 

Proof. A simple inverse limit argument shows that without loss of gen¬ 
erality we can assume that G is hnite. Since (|G|, n) = 1, it follows that 
|r| = |X|. By pp F C X. Hence X = F. □ 

Lemma 2.8. Let G be a profinite group in which every '-jk-value has 
finite p-power order. If G is generated by p-elements, then G is a pro-p 
group. If G is generated by finitely many p-elements, then G is a finite 
p-group. 

Proof. Let Q be any finite quotient of G. By Lemma 3.3 of [5] we have 
IkiQ) < Op{Q). Since Q is generated by p-elements, it follows that Q 
is a hnite p-group and hence G is a pro-p group. In particular, Theorem 
1.2 of [8] tells us that 7 fc(G) is locally hnite. Suppose now that G is 
generated by hnitely many p-elements. Then any nilpotent quotient of 
G is hnite and therefore ■jkiG) is open. It follows that jkiG) is hnitely 
generated. We already know that ■jkiG) is locally hnite and so now we 
conclude that 'yk{G) is hnite. The lemma follows. □ 

The following result is a straightforward corollary of Theorem 1.4 in 

0 . 

Theorem 2.9. Let k be a positive integer and G a finitely generated 
profinite group. Then every element in jkiG) is a product of finitely 
many ■jk-values. 


3. Associated Lie algebras 

In the present section we will describe the Lie theoretical tools that 
are employed in the proofs of our results. 
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Let L be a Lie algebra over a field t. We use the left normed notation: 
thus if /i, Z 2 , ■ ■ ■, are elements of L, then 

[h; ^2) • • • ) ^n] [• • • [[^1) ^ 2 ]) ^ 3 ]) • • • ) ^n] ■ 

An element a G L is called ad-nilpotent if there exists a positive integer 
n such that [x, no] = 0 for all x E L. If n is the least integer with 
the above property then we say that a is ad-nilpotent of index n. Let 
X C L be any subset of L. By a commutator in elements of X we 
mean any element of L that could be obtained from elements of X by 
means of repeated operation of commutation with an arbitrary system 
of brackets including the elements of X. Denote by F the free Lie 
algebra over I on countably many free generators Xi,X 2 ,.... Let / = 
/(xi, X 2 ,..., Xn) be a non-zero element of F. The algebra L is said to 
satisfy the identity / = 0 if /(Zi, I 2 ,... ,ln) =0 for any li, Z 2 ,..., Zn G L. 
In this case we say that L is PL We are now in a position to quote 
a theorem of Zelmanov [13 111(0.4)] which has numerous important 
applications to group theory. 

Theorem 3.1. Let L be a Lie algebra generated by ai, 02 ,..., Um. As¬ 
sume that L is PI and that each commutator in the generators is ad- 
nilpotent. Then L is nilpotent. 

Let G be a group and p a prime. We denote by Di = Di{G) the Tth 
dimension subgroup of G in characteristic p. These subgroups form a 
central series of G known as the Zassenhaus-Jennings-Lazard series. 
Set L{G) = 0Dj/Dj+i. Then L{G) can naturally be viewed as a 
Lie algebra over the field Fp with p elements. The subalgebra of L 
generated by D 1 /D 2 will be denoted by Lp{G). The following result is 
due to hazard [1]. 

Theorem 3.2. Let G be a finitely generated pro-p group. If Lp{G) is 
nilpotent, then G is p-adic analytic. 

Let X E G, and let i = fix) be the largest integer such that x E D^. 
We denote by x the element xDj+i G L{G). We now cite two results 
providing sufficient conditions for x to be ad-nilpotent. The following 
lemma is immediate from the proof of Lemma in [T^ Section 3]. 

Lemma 3.3. Let x be an Engel element of a profinite group G. Then x 
is ad-nilpotent. 

Lemma 3.4. (Lazard, [H page 131] j For any x E G we have {adx)^ = 
ad {xP). In particular, if x^ = 1, then x is ad-nilpotent of index at most 

q- 
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We note that q in Lemma 13.41 does not need to be a p-power. In fact 
it is easy to see that if is the maximal p-power dividing g, then x is 
ad-nilpotent of index at most p^. Combining Lemma 13.31 and Lemma 
13.41 one obtains 

Lemma 3.5. Let x he an element of a profinite group G for which there 
exists a natural number q such that x^ is Engel. Then x is ad-nilpotent. 

Let iL be a subgroup of G and oi,..., G G. Let w = w(xi,..., Xn) 
be a nontrivial element of the free group with free generators Xi,..., x^,. 
Following [12] we say that the law w = 1 is satished on the cosets 
aiH ,..., OnH if w{aihi ,..., anhn) = 1 for any hi,..., G iL. In [12] 
Wilson and Zelmanov proved the following theorem. 

Theorem 3.6. If G is a group which has a subgroup H of finite index 
and elements ai,... ,an such that a law w = 1 is satisfied on the cosets 
aiH,..., OnH, then for each prime p the Lie algebra Lp{G) is PL 

4. Proofs of the main results 

Throughout the rest of the paper k stands for an arbitrary but hxed 
positive integer and G = Gx...xG{k-\-l factors). First we will 
establish that if under the hypothesis of Theorem ll.2l all numbers q are 
coprime with the primes in vr(G), then 7 fc(G) is locally nilpotent. We 
start with the case where G is a pro-p group. 

Proposition 4.1. Let G be a finitely generated pro-p group such that 
for any 'jk-value x G G there exists a natural p'-number q such that x’^ 
is Engel. Then 7 fc(G) is locally nilpotent. 

Proof. Since any element of 7 fc(G) can be expressed as a product of 
hnitely many 7 ^-values (Theorem 12.91) . it is sufficient to show that any 
subgroup K generated by hnitely many 7 ^-values Oi,..., is nilpotent. 

Let qi,... ,qs be p'-numbers such that the elements af,..., af are 
Engel in K. It is clear that K = {off ,..., a^®). For each pair of positive 
integers j, where j is a p'-number, we set 

= {{ 91 ^ 92 , ■■■, 9k+l) G K] [pi, j[p 2 , • • •, 9k+iY] = !}• 

Since the sets 5*^ are closed in K and cover K, by Baire’s category 
theorem at least one of them contains non-empty interior. Therefore 
there exist an open subgroup H of K, elements h,hi,...,hk G K 
and integers n, q such that the cosets bH, hiH,..., bkH satisfy the law 
[p,„[xi, . . . ,Xfc]'^] = 1. 

By Theorem 13.61 L = Lp{K) is PL Let hi,..., be the homoge¬ 
neous elements of L corresponding to Oi,..., a^. Since for any group 
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commutator h in ai,...,as there exists a p'-number q such that h‘^ 
is Engel, Lemma 13.51 shows that any Lie commutator in ai,... ,ds is 
ad-nilpotent. Zelmanov’s Theorem 13.11 now tells us that L is nilpotent. 
Therefore K isp-adic analytic fTheorem l3.2p . Obviously K cannot con¬ 
tain a subgroup isomorphic to the free discrete group of rank two, so 
by the Tits’ Alternative [10] K has a soluble subgroup of hnite index. 
Choose a dense subgroup D oi K which is generated (as an abstract 
group) by hnitely many Engel elements. By Plotkin’s theorem [^l The¬ 
orem 7.34] D is nilpotent. It follows that K is nilpotent, as well. The 
proof is complete. □ 

Theorem 4.2. Let n be a set of primes and G a finitely generated 
pro-Ti' group such that for any 'y^-value x & G there exists a natural 
7T-number q such that x^ is Engel. Then 7 fc(G') is locally nilpotent. 

Proof. It will be convenient Erst to prove the theorem under the addi¬ 
tional hypothesis that G is pronilpotent. 

For each pair of positive integers i,j, where j is a tt- number, we set 

^i,j = {(s'!! 92, ■ ■ ■ , 5'fc+l) G G', [9l,i[92, ■ ■ ■ , hk+lY] = !}• 

Arguing as in the proof of Proposition 14. II we deduce that there exist an 
open subgroup H of G, elements b,bi,... ,bk E G and integers n, q such 
that the cosets 6 iL, 6 iiL,..., bkH satisfy the law [y, n[xi ,..., Xk]^] = 1 . 
Let m be the index of H in G. We write J for the product of the 
Sylow subgroups Pi,..., of G corresponding to the primes dividing 
m and K for the product of the Sylow subgroups of G corresponding 
to the primes not dividing m. Since G = J x K and since G = JH, 
without loss of generality we can assume that h,hi,... ,hk G J and 
it follows that K satishes the law [y, n[xi,..., Xkf^] = 1. Lemma [2?7I 
shows that K actually satishes the law [y, „[xi,..., Xfcj] = 1. Hence 
7 fc(A') is locally nilpotent by [H Theorem 1.1]. Further, Proposition 14.11 
shows that 'jkiPi) is locally nilpotent for every i = 1,... ,r. We have 
lk{G) = 7 fc(Pi) X ... X 'jkiPr) X lk{,K)- Thus, it follows that in the case 
where G is pronilpotent 7 fc(G) is locally nilpotent. 

Now we drop the assumption that G is pronilpotent. Since any ele¬ 
ment of 'jkiG) can be expressed as a product of hnitely many 7 ^-values 
fTheorem 12 .9p . it is sufficient to prove that any subgroup generated by 
hnitely many 7 ^-values oi,..., a* is nilpotent. Set H = (oi,..., a*). We 
need to show that PI is nilpotent. Let gi,..., g* be positive tt- numbers 
such that af,..., af are Engel. It is clear that H = (af ^,..., af). 
Since all Engel elements of a hnite group lie in the Fitting subgroup 
[H 12.3.7], it follows that H is pronilpotent. Hence, by the previous 
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paragraph, 'yk{H) is locally nilpotent. The theorem now follows from 
the result of Plotkin just as in the proof of Proposition 14. II □ 

Now we will deal with the situation where the numbers q are not 
necessarily coprime with the primes in 7t{G). 

Proposition 4.3. Let k he positive integer and G a finitely generated 
pronilpotent group in which for every 'jk-value x there is an integer q 
such that x‘^ is Engel. Then 'yk{G) is locally virtually nilpotent. 

Proof. For each pair of positive integers hi we set 

Si,j = {{di, • • •) dk+i) e G; [gi,i[g 2 , ■ ■ ■, gk+ifi] = !}• 

Arguing as in the proof of Proposition 14.11 we deduce that there exist 
an open subgroup H of G, elements h,hi,... ,hk G G and integers n, q 
such that 

[bh,n[bihi,.. .,bkhkY] = 1 

for every h, hi,..., G H. Let m be the index of H in G. We write 
J for the product of the Sylow subgroups of G corresponding to the 
primes dividing m and K for the product of the Sylow subgroups of G 
corresponding to the primes not dividing m. Since G = J x K and since 
G = JH, without loss of generality we can assume that h,hi,... ,hk G J 
and it follows that K satishes the law [?/, „[a;i,..., Xk]^] = 1- Let tt be 
the set of prime divisors of q. Then ■jk{OT,fiK)) is locally nilpotent by 
Theorem 14.21 

Now it suffices to show that 'yk{P) is locally virtually nilpotent for 
every Sylow subgroup P corresponding to a prime dividing mq. There 
is no loss of generality in assuming that G is pro-p group. Since every 
element of jkiG) is a product of hnitely many values, it is sufficient 
to prove that any subgroup generated by hnitely many values is vir¬ 
tually nilpotent. Let ai,... ,at be yfc-values in G and M = (oi ,... ,at). 
Our argument will now imitate parts of the proof of Proposition 14.11 
By Theorem 13.61 L = Lp{M) is PL Let di,... ,ds be the homogeneous 
elements of L corresponding to oi,... ,0^. Since for any group com¬ 
mutator h in ai,... ,as there exists a positive integer q such that h'? 
is Engel, Lemma 13.51 shows that any Lie commutator in di,... ,ds is 
ad-nilpotent. Theorem 13.11 now tells us that L is nilpotent. Therefore, 
M is p-adic analytic fLemma 13.2p . Obviously M cannot contain a sub¬ 
group isomorphic to the free discrete group of rank two, so by the Tits’ 
Alternative [10] M has a soluble subgroup of hnite index. Let E be 
the closed subgroup of M generated by all Engel elements in G con¬ 
tained in M. Lemma [2.81 implies that M/E is hnite and therefore E 
is hnitely generated. Since E is generated by all Engel elements con¬ 
tained in M and since E is hnitely generated. Lemma 12.31 implies that 
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E is generated by finitely many Engel elements. Choose an abstract 
dense subgroup D m E generated by finitely many Engel elements. By 
Plotkin’s theorem [6l Theorem 7.34], D is nilpotent. Hence, also E is 
nilpotent. The result follows. □ 

The proof of Theorem 11.11 is now easy. 

Proof of Theorem \1.1[ Recall that G is a profinite group in which for 
every element x ^ G there exists a natural number q = q{x) such that 
is Engel. We need to show that finitely generated subgroups of G 
are virtually nilpotent. 

Let H he a. finitely generated closed subgroup of G, and let K be 
the subgroup generated by all Engel elements in H. By the hypothe¬ 
sis H/K is a finitely generated periodic profinite group. According to 
Zelmanov’s Theorem [16], H/K is finite. In particular, K is a finitely 
generated pronilpotent group. By Proposition 14.31 applied with fc = 1, 
K is virtually nilpotent. This completes the proof. □ 

The proof of Theorem 11.21 will be only somewhat more complicated. 

Proof of Theorem li.iH Recall that G is a finitely generated profinite 
group in which some p-power of any value is Engel. We wish to show 
that finitely generated subgroups of 7 fc(G) are virtually nilpotent. 

The case where A; = 1 is covered by Theorem 11.11 So we will assume 
that k > 2. Since any element of 7 fc(G) can be expressed as a product of 
finitely many values fTheorem 12.9p . it is sufficient to prove that any 
subgroup generated by finitely many y^-values is virtually 

nilpotent. Let H = (oi ,... ,at), and let K be the closed subgroup of H 
generated by all Engel elements of H. By Lemma H/K is a finite p- 
group and so K is finitely generated. We will show that K is nilpotent. 
It is clear that K is pronilpotent and Op'{H) = Opi{K). It follows 
that Op/{H) is finitely generated. Choose a Sylow p-subgroup P in H. 
Since H/OpfH) is isomorphic with P, we conclude that P is finitely 
generated. Let P = (hi,..., hr) and OpfH) = (pi,..., p^). By Lemma 
12.61 [Op/(if), P] is generated by conjugates of [pi, k-ihf. Of course every 
element [gj^k-ihi] is a y^-value. Let qji be positive p-powers such that 
[hi, k-ihiY^^ are Engel, for all j e and / G {1,..., r}. 

For each i = 1,... ,t write a* = fejCj, where is a generator of the p'- 
part of the procyclic subgroup (oj) and Cj is a generator of the p-part 
of the subgroup (oj). Since H/[Opi{H), P] is pronilpotent, it follows 
that Opi{H) is generated by [Op/(i7),P] and the elements hi,...,ht. 
Let qi,... ,qt be p-powers such that ap' is Engel, for any i = 1,... ,t. 
Thus, all elements ..., 6*'^* are Engel fLemma 12.2p . Further, since 
all qi and qji are p-powers, it follows that OpfH) is generated by 
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[Op/(if), P] and the elements , bt^\ So Opi{H) is generated by 

..., and conjugates of [gj, Again, since we have only 

hnitely many elements of this form, by Lemma |23]there exist a positive 
integer n and a hnite set of primes vr such that ..., bt^^ and the ele¬ 
ments \gj, are n-Engel in their action on Ot^i{K). The subgroup 

Ot,i{K) is generated by vr'-projections of the conjugates of bi '^^,..., 6*'^* 
and [gj,k-ihi]'^^^. By Lemma [2.21 each of such projections is n-Engel in 
07r'(if). Since 0^/(iL) is hnitely generated, it follows from Lemma [2.41 
that Ot^i{K) is generated by hnitely many n-Engel elements. By The¬ 
orem 14.21 7fc(0^/(iL)) is locally nilpotent. Choose an abstract dense 
subgroup D of Ot^/{K) generated by hnitely many n-Engel elements. 
Since 'yk{D) is locally nilpotent and D is generated by hnitely many n- 
Engel elements, we conclude that D is nilpotent (Plotkin’s theorem [6l 
Theorem 7.34]). Hence 0^/(iL) is nilpotent as well. It therefore suffices 
to show that the r-Sylow subgroup i? of if is nilpotent for any r G vr. 
Since K is pronilpotent, K = R x Or'{K) and so we can pass to the 
quotient H/Or'{K) and simply assume that K = R. Thus, R is gen¬ 
erated by hnitely many Engel elements. If r 7^ p, then by Proposition 
14.11 is locally nilpotent and so by the theorem of Plotkin R must 

be nilpotent. 

Suppose r = p. Then if is a pro-p group. In this case we just repeat 
the hnal part of the proof of Proposition 14.31 and deduce that if is 
virtually nilpotent. The theorem follows. □ 
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